Multi-time wave functions are wave functions for multi-particle quantum systems that involve several time variables (one per particle). In this paper we contrast them with solutions of wave equations on a space-time with multiple timelike dimensions, i.e., on a pseudo-Riemannian manifold whose metric has signature such as ++−− or ++−−−−−−, instead of +−−−. Despite the superficial similarity, the two behave very differently: Whereas wave equations in multiple timelike dimensions are typically mathematically ill-posed and presumably unphysical, relevant Schrödinger equations for multi-time wave functions possess for every initial datum a unique solution on the spacelike configurations and form a natural covariant representation of quantum states.
Introduction
In reaction to recent developments about multi-time wave functions [20, 21, 22, 23, 12, 13, 14, 15, 19] , some colleagues have expressed concern that this approach might be fundamentally misguided because, on the one hand, multi-time wave functions such as φ(t 1 , x 1 , . . . , t n , x n )
with x j ∈ R 3 and t j ∈ R for n particles are functions on a space R 4n with several time variables, and, on the other hand, there are severe difficulties with the superficially similar situation of the wave equation or Dirac equation on pseudo-Riemannian manifolds with several timelike dimensions. For example, in a review of the article [22] for Mathematical Reviews, Bera [1] warned his readers about multi-time wave functions:
Overall I want to say that the wave equation with more than one time dimension is ill-posed in the sense of Hadamard. The recent work of Weinstein and Craig has presented a sufficient constraint on such problems endowing them with well-posedness conditions near those of standard single time dimension problems. Physical theories or interpretations with multiple time dimensions are usually shunned by most researchers. The standard consensus among physicists is that such problems are unstable. This interpretation has also spread to the mathematical community, and so such problems are generally not considered.
That is, Bera is saying, multi-time wave functions should be expected to be ill-behaved, and that is why physicists as well as mathematicians are not considering these objects.
1
The purpose of this note is to explain why for multi-time wave functions there is, actually, no reason for concern: they are not at all ill-behaved in the way Bera worried about. In fact, the situation of multi-time wave functions is very different, perhaps surprisingly different, from that of the wave equation in a space-time with multiple timelike dimensions. It is the latter, not the former, that is ill-posed. In contrast, the relevant equations for multi-time wave functions do possess a unique solution for every initial condition, so that the multi-time evolution is well defined, no instability occurs, and the difficulties pointed out by Craig and Weinstein [3] do not apply. A general overview of multi-time wave functions can be found in [16] .
To give names to the two things we are comparing, let us call the first thing, the evolution equation for a multi-time wave function, a multi-time Schrödinger equation or MTS equation, and the second thing an equation with multiple timelike dimensions, or MTD equation. Our first message in this letter is that while MTD is ill-posed, MTS is well-posed.
Another message goes beyond the mathematical properties and concerns the physical meaning: While MTD is rather speculative and not based on empirical evidence, MTS is a natural covariant version of the non-relativistic wave function and directly connected to probabilities of experimental outcomes.
Let us write down explicit examples of such equations.
Different Equations, Different Solutions
We set = 1 = c. Letg µν be a metric with p ≥ 2 spacelike and q ≥ 2 timelike dimensions,
on R p+q . The second-order "p + q" Klein-Gordon equation reads
with ψ : R p+q → C; it is called an "ultrahyperbolic equation." The case m = 0 corresponds to the "p + q" wave equation. Analogously, one can consider a "p + q" Dirac equation associated withg µν ,
where ψ : R p+q → C k , and theγ µ are k × k matrices that realize the Clifford algebra relationsγ µγν +γ νγµ = 2g µν I .
So, (3) and (4) are examples of MTD equations. Multiple timelike dimensions have actually been proposed to be realized in nature in the context of string theory and extra-dimensional high energy physics (see, e.g., [27, 26, 24] and references therein).
MTD equations should be contrasted with the system of Schrödinger equations for a multi-time wave function φ as in (1) , which is of the form [5, 6, 2] 
with the "partial Hamiltonian" H j . The simplest examples of such MTS equations [25] correspond to non-interacting particles, for example with H j the Hamiltonian of the 3 + 1 Dirac equation acting on particle j,
where α aj = γ 0 γ a and β j = γ 0 act on the spin index of particle j. The MTS equations arise from the desire to express entangled multi-particle quantum states through a wave function in a covariant way, as discussed in Section 4 below. (It is not assumed that space-time has any other signature than +−−−.)
The most basic difference between MTS and MTD is that the MTS equation (6) is a system of n equations per component of φ, whereas the MTD equation (3) [or (4) ] is just one equation per component of ψ.
Here is another difference. The relevant comparison concerns the case of a 4n-dimensional metricg µν with q = n timelike and p = 3n spacelike dimensions. Then in the MTD equation (3) [or (4) ], all 4n derivatives appear, in fact in a rather symmetric way. In the MTS equation (6) for index j, in contrast, only 4 derivatives appear, viz., those relative to x j .
Given that MTS and MTD are different equations, it is not surprising that they behave differently concerning the existence and uniqueness of solutions. Or perhaps it is still surprising, in view of the fact that they both involve several time variables. So let us have a closer look at why MTS is well-posed and MTD ill-posed.
Behavior of Each Equation
Already a mere count of dimensions and equations suggests that MTS may be wellposed but MTD cannot be for initial data at time 0. The MTS equation (6) provides n equations for each component of φ, one for each time variable; this suggests that initial data for φ, specified on the 3n-dimensional surface where all time variables are set to 0, may determine φ for all values of the time variables. In contrast, the one MTD equation (3) or (4) could not be expected to determine more than the dependence on one variable, say t 1 , so the initial data, in order to determine the solution ψ uniquely, would have to be specified on the (4n − 1)-dimensional surface where t 1 = 0 and would in particular specify the depedence of ψ on t 2 , . . . , t n for t 1 = 0. This means that initial data at time 0 (i.e., all time variables equal to 0) are insufficient to determine the solution, so uniqueness of the solution fails. The rigorous analysis of Craig and Weinstein [3] confirms this picture for the MTD equation (3), except that the situation is even a little worse: even if we specify initial data on the (4n − 1)-dimensional surface where t 1 = 0, then the continuous dependence of the solution on the initial datum (in a norm analogous to the one commonly used in the case with only one timelike dimension) holds only for special initial data, viz., those whose Fourier transform (in 4n − 1 variables) vanishes on wave vectors k that are timelike relative tog µν . This is the kind of unstable behavior that Bera referred to in [1] .
Returning to the MTS equation for non-interacting particles according to (7), we can be explicit about what the solution actually looks like. In this case, H j can be regarded as a self-adjoint operator on the space H = L 2 (R 3n , (C 4 ) ⊗n ), and φ, as a function defined on the space R n = {(t 1 , . . . , t n )} spanned by the time axes and with values in H , is given by [25] 
Thus, the solution exists, is unique, and depends continuously on the initial datum φ(0, . . . , 0) in the same L 2 sense as for any Schrödinger equation. The situation becomes more involved in the presence of interaction. Since we are trying to simultaneously solve n PDEs (6) governing different derivatives, we can only expect solutions to exist for arbitrary initial conditions (or from a reasonably large class) if the compatibility or consistency condition
is satisfied. This has long been known [2] ; see [20] for a detailed discussion. The consistency condition is automatically satisfied for non-interacting particles, but it is less obvious how to set up MTS equations with interaction that satisfy it. Nevertheless, it can be done [2, 7, 8, 4, 9, 18, 20, 21, 23, 12, 13, 14, 15, 19] , with φ defined on the spacelike configurations, and the authors of these references have all been completely aware of the consistency condition (9) . In fact, they have used it as a guideline for how to set up MTS equations. The upshot is that the MTS equations considered in the references just cited are well-posed; this has been shown rigorously in some cases [20, 12, 13, 14, 15] , and made plausible in others [7, 8, 9, 21, 23, 19] . In some of the latter cases, the obstacle to a rigorous proof lies in the ultraviolet divergence, which affects also the single-time theory and is unrelated to the multi-time approach.
Readers may still wonder how well-posedness of MTS can fit together with illposedness of MTD for the following reason. For n non-interacting Klein-Gordon particles with equal mass, the partial Hamiltonians
commute pairwise and are time independent, so the consistency condition (9) is fulfilled, so a unique solution φ of the MTS equation (6) exists for every initial datum. As a consequence of (6), this φ satisfies
and thus, by summing (11) over j, satisfies also the MTD equation (3) with q = n, p = 3n, and m rescaled to √ n m. So how can MTD equations be bad? The first and foremost aspect is that the main trouble with MTD equations was the lack of uniqueness, and the solutions φ just constructed are simply special solutions, obtained from a more restrictive set of equations (6) . A further aspect concerns the continuous dependence on initial data: the norm to which continuity refers would naturally be chosen differently depending on whether we regard the (4n − 1)-dimensional set {t 1 = 0} or the 3n-dimensional set {t 1 = t 2 = . . . = t n = 0} as the set where initial data are specified. Simultaneous solutions of (11) for all j have infinite norm in the norm used by Craig and Weinstein [3] .
Physical Significance
The hypothesis of MTD may be intriguing, but it is rather speculative and not empirically grounded. In contrast, the multi-time wave functions φ(t 1 , x 1 , . . . , t n , x n ) of MTS equations are the relativistic analog of ordinary non-relativistic multi-particle wave functions ψ(x 1 , . . . , x n , t). There are several reasons supporting this view.
• When we consider a configuration such as (x 1 , . . . , x n ) at time t then we really mean n space-time points (t, x 1 ), . . . , (t, x n ). In another Lorentz frame differing from the first by a Lorentz transformation Λ, these points have coordinates
which are in general no longer simultaneous, t i = t j . One is thus naturally led to considering a wave function φ on the set
of all spacelike configurations (where the Minkowski metric has signature +−−−). Needless to say, φ has several time variables.
• It turns out (e.g., [16, 20] ) that the single-time wave function ψ of any fixed Lorentz frame and φ are related according to
That is, for simultaneous configurations, φ agrees with the usual kind of wave function ψ.
• φ is directly related to detection probabilities as follows [2, 17] . Consider for simplicity n = 2. For two non-interacting particles, if we measure the position of particle 1 at time t 1 (in a certain Lorentz frame) and that of particle 2 at time t 2 , then the joint probability density of the two outcomes is |φ(t 1 ,
. Also, if we place detectors along a spacelike hypersurface Σ, then the joint distribution of the points x 1 , x 2 ∈ Σ where the two particles get detected has density ρ(x 1 , x 2 ) (relative to the notion of volume defined by the 3-metric on Σ) given by the appropriate version of | · | 2 applied to φ(x 1 , x 2 ) [17] , viz.,
where ν(x) is the matrix in spin space representing the scalar product in the Lorentz frame tangent to Σ in x; for example, for Dirac wave functions, ν(x) = n µ (x) γ µ with n µ (x) the future unit normal vector to Σ at x.
• For relevant models, the time evolution of φ is governed by rather simple PDEs, the MTS equations, which play a role analogous to the Schrödinger equation for ψ.
Examples of such PDEs are described in [16] and discussed in detail in [21, 12, 15] ; they are of the form (6), with one equation for each time variable. The solution φ of these PDEs is a Lorentz covariant object, one that can be expressed in any Lorentz frame.
• Also for quantum field theories, one can express the quantum state as a wave function, even if many texts leave this picture aside. In a non-relativistic setting, elements ψ of Fock space can be regarded as functions on the configuration space Γ o (R 3 ) of a variable number of particles,
so ψ = (ψ (0) , ψ (1) , ψ (2) , . . .) with the n-particle sector ψ (n) an n-particle wave function on R 3n , normalized so that
Then, ψ can be expressed in terms of the field operators Φ(x), x ∈ R 3 , according to
for mutually distinct x j ∈ R 3 , |∅ the Fock vacuum, and |Ψ a vector in Fock space.
Now it turns out [21] that the multi-time wave function φ satisfies an analogous relation to the field operators, viz.,
for mutually spacelike and distinct x j ∈ R 4 and with Φ(x j ) the time evolved field operator in the Heisenberg picture. This is another reason for regarding φ as a natural extension of ψ. The canonical (anti-)commutation relations for Φ(x) imply that φ (n) is (anti-)symmetric against permutation of the space-time points x j -the natural extension of the bosonic (respectively, fermionic) symmetry of ψ against permutation of the space points x j .
Outlook
Relativistic quantum physics usually means quantum field theory (QFT), and in QFT it is not so common to talk about wave functions. Still, one may wish to express the quantum state as a wave function also in QFT (an approach used, e.g., by Schweber [25] ), in order to emphasize the similarity with quantum mechanics and to make visible the relation between the state vector and the space-time points (whereas in the Heisenberg picture, the state vector is a more abstract thing). Further benefits include a direct expression for detection probabilities in terms of |ψ| 2 (or |φ| 2 ) as well as the possibility of expressing boundary conditions through simple equations on ψ (or φ), including the interior-boundary conditions [18, 11] used for defining particle creation at a point-shaped source.
So, an equivalent reformulation of QFT in terms of wave functions is possible when the Hilbert space is a Fock space or a tensor product of Fock spaces, and the relativistic version of that involves a multi-time wave function φ. This approach can also be of interest as another way of deriving QFT starting from quantum mechanics, by adding particle creation and annihilation and introducing relativistic Hamiltonians. This could be regarded as a pedestrian derivation of QFT, in which state vectors are not just elements of an abstract Hilbert space but concretely realized as wave functions depending on space-time points, while field operators are not introduced by axiom but are obtained from creation and annihilation operators acting on wave functions. As a consequence, in this approach one would indeed take (19) as a theorem and not as the definition of φ. Instead, φ is defined as the solution of the MTS equations (6) , so that the existence and uniqueness of solutions becomes a central issue. As we have argued, existence and uniqueness do hold in exactly the way one would hope for, much in contrast to the situation of MTD equations (3) and (4) .
